CLASSES OF MATRICES AND QUADRATIC FIELDS
OLGA TAUSSKY l Introduction, in a recent paper [l] a correspondence between classes of matrices with rational integral elements and ideal classes in algebraic number fields was discussed. This is now studied in more detail in the case of quadratic fields. In particular the ideal classes of order 2 are discussed and the significance of the sign of the norm of the fundamental unit in real quadratic fields is displayed in an example; further results in this connection will be published elsewhere, ί'Όr completeness the result of [l] is repeated:
Let fix) ~ 0 be an irreducible algebraic equation of degree n with integral coefficients, Gv one of its algebraic roots, A -(α/^) an n X n matrix with rational integers as elements which satisfies fix) = 0, and S a matrix with rational integers as elements and determinant ±1. It was shown that the matrix classes S ι AS are in one-to-one correspondence with the ideal classes in the ring generated by Cλ
The correspondence can be expressed in the following way: If Cί 15 , Ci n is a module base for an ideal in the ring and A the matrix for which 
In order to find the matrix which corresponds to the ideal α, we use the fact that
The elements in this matrix are rational integers.
The ideal which corresponds to the transpose of this matrix is, by (1) ,
It will now be shown that this is an ideal inverse to α. For this purpose we show that the product oh is a principal ideal, namely, the ideal (ad -bc)^ . For,
The number (b 2 m-a 2 ) σt 2 c a n be expressed in the following form:
Similarly,
Hence, it follows that cio -α.1 norm α .
(b) Case m = 1(4). Here we choose α = (1/2)(-1 + m 1/2 ). Let
It follows that Again, all the numbers in this matrix are rational integers.
The ideal which corresponds to the transposed matrix is equivalent to:
4 J The product ideal α£> is again shown to be the principal ideal {ad -For it is
L 4 JJ
We have
GC 2 norm αi = (α +bίί)(a -\-b(λ')(c +
where ct' is the conjugate of Cί Further,
L 4 1 This shows that again, Ct f e -0C j norm Ct.
3 Classes of order two. From Theorem 1 it follows that a matrix which corresponds to an ideal class of order 2 is equivalent to its transpose. The question arises, when does the class to which this matrix belongs contain a symmetric matrix? A result in this direction is the following.
THEOREM 2. A matrix class which corresponds to an ideal class of order two contains a symmetric matrix if and only if every matrix in the class is transformed into its transpose by a unimodular matrix of the form XX .
In particular the transforming matrix must be of determinant + 1.
Proof. Let A be a matrix equivalent with its transpose; that is,
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when S is unimodular Let T also be unimodular and assume that T AT is sym- 
